ABSTRACT. Let X be an irreducible symplectic manifold and Def(X) the Kuranishi space. Assume that X admits a Lagrangian fibration. We prove that X can be deformed preserving a Lagrangian fibration. More precisely, there exists a smooth hypersurface H of Def(X) such that the restriction family X × Def(X) H admits a family of Lagrangian fibrations over H.
INTRODUCTION
A compact Kähler manifold X is said to be symplectic if X carries a holomorphic symplectic form. Moreover X is said to be irreducible symplectic if X satisfies the following two properties:
(1) dim H 0 (X, Ω 2 X ) = 1 and; (2) π 1 (X) = {1}.
A surjective morphism between Kähler spaces is said to be fibration if it is surjective and has only connected fibres. A fibration from a symplectic manifold is said to be Lagrangian if a general fibre is a Lagrangian submanifold. The plainest example of an irreducible symplectic is a K3 surface. An elliptic fibration from a K3 surface gives an example of a Lagrangian fibration. It is expected that a K3 surface and an irreducible symplectic manifold share many geometric properties. Let S be a K3 surface and g : S → P 1 an elliptic fibration. Kodaira proves that there exists a smooth hypersurface H S in the Kuranishi space Def(S) of S which has the following three properties:
(1) The hypersurface H S passes the reference point.
(2) For the Kuranishi family S of S, there exists a surjective morphism from the base change S × Def(S) H S to P (3) The original fibration g coincides with the restriction of the above diagram over the reference point. For every point t of H S , the restriction of the diagram over t gives an elliptic fibration from S t , which is the fibre over t.
The following is the main theorem, which induces a higher dimensional analog of the above statement. 
Together with π, they form the following diagram: [9] , [10] and [6, Proposition 24.8] .
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PROOF OF THEOREM
Before proving Theorem 1.1, we prepare two Propositions. One of which asserts that there exists a smooth hypersurface H of the Kuranishi space and a line bundle L over the restriction family which have special properties. The other one asserts the higher direct images of L are locally free over an unit disk of H. 
where q X is the Beauville-Bogomolov-Fujiki form. By [1, Théorème 5], there exists a local isomorphism γ : Def(X) → Q. By [7, (1.14) ], there exists a universal deformation (X , L ) of the pair (X, L). The parameter space H of the universal family is given by
where P(L ⊥ ) is the projective linear space defined by the orthogonal space of L with respect to q X . The line bundle L and H satisfy the assertion (1) 
Proof. Let σ be a Kähler class of X. It is enough to prove that
, we have the following equation;
where s and t are indeterminable numbers and c X is a constant only depending on X. By the assumption,
If we compare the s n−1 t n and s n−2 t n terms of the both hand sides of the equation (1), we obtain the assertions.
We go back to the proof of the assertion (3) 
where P(Ker( j)) is the projective linear space defined by Ker( j). Let L ⊥ be same as in the proof of (1).
By the proof of the assertion (1), it is enough to prove that
. We obtain the following inequalities: 
By the assumption, the Picard number of X u is one. Hence q X u (z) = 0 for every element of H 1,1 (X u , C) Q . This implies that X u is not projective. 
By [7, Corollary 3.9] , this implies that X u is projective. That is a contradiction. Thus L u .C = 0 for every curve C.
The following is the key of the proof of Lemma 2.4.
CLAIM 2.6. There exists a dominant meromorphic map Φ : X u B u such that a general fibre of Φ is compact, B u is a Kähler manifold and dim B u > 0.
Proof. We use the notation as in Proposition 2. 
where U(X u ) is the universal family over D(X u ). We also denote by p and q the natural projections U(X u ) ∼ → X u and U(X u ) ∼ → D(X u ) ∼ . The relations of these objects are summarized in the following diagram:
Let a be a point of X u . We define the subvarieties G i (a) of X u by
We also define 
Since the Picard number of X u is one, L u and ±E should be numerically proportional. By Claim 2.5, E is nef, because E is effective. We will derive a contradiction assuming q(p −1 (E)) = D(X u ). Under this assumption, p * E| F defines an effective divisor on F, because F is a general fibre over q(p −1 (a)) and a is a general point of X u . On the other hand, there exists the following diagram:
where the notation is same as in the proof of Proposition 2.1 and U(X /Def(X)) A is the universal familly. Complex tori F and A can be considered as fibres of Q.
That is a contradiction.
We go back to the proof of Lemma 2.4. By blowing ups and flattening, we have the following diagram:
We denote by ν and r the induced morphisms W u → X u and W u → B ∼ u , respectively. The proof consists of three steps.
Step 1.
We prove that B ∼ u is projective. Since B ∼ u is Kähler, it is enough to prove that dim H 0 (B ∼ u , Ω 2 ) = 0. We derive a contradiction assuming that dim H 0 (B ∼ u , Ω 2 ) > 0. Under this assumption, there exists a holomorphic 2-form ω on B ∼ u . The pull back r * ω defines a degenerate holomorphic 2-form on W u . On the other hand, H 0 (W u , Ω 2 ) ∼ = H 0 (X u , Ω 2 ) because ν is bimeromorphic and X u is smooth. Hence dim H 0 (W u , Ω 2 ) = 1 and it should be generated by a generically nondegenerate holomorphic 2-form. That is a contradiction.
Step 2.
Let M be a very ample divisor on B ∼ u . We prove that there exists a rational number c such that
It is enough to prove that
Since X u is non projective, q X u (ν * r * M) ≤ 0 and q X u (L u ) ≤ 0 by [7, Corollary 3.8] . On the other hand, 
where σ is a symplectic form on Proof. Let ∆(k) be an open set of ∆ which has the following two properties:
where X u is the fibre over u and ρ(X u ) stands for the Picard number of X u . We fix a compact set K of ∆ which contains the reference point. Then K \ (K ∩ ∆(k)) consists of finite points. Thus
consists of countable infinite points. By the assumption of Proposition 2.3, ∆ • consists of uncountable infinite points. Hence
Thus there exists a point u 0 of ∆ and an integer k such that
is surjective on X u 0 . This implies that the support Z of the cokernel sheaf of π * ∆ (π ∆ ) * L k ∆ → L k ∆ is a proper closed subset of X ∆ . If we put V = ∆ \ π(Z), we are done.
We complete the proof of Proposition 2.3.
Proof of Theorem 1.1. By Proposition 2.1, there exists a smooth hypersurface H of Def(X) and a line bundle L which have the properties of (1) and (2) of Theorem 1.1. Assume that R i π * L is not locally free. We define the function ϕ(t) as
where X t is the fibre of π over t and L t is the restriction of L to X t . Then
where o is the reference point and t is a general point of H. The Picard number of a fibre X t over a very general point of H is one. Hence there exists a unit disk ∆ such that o ∈ ∆ and the Picard number of a very general fibre of the induced morphism X × H ∆ → ∆ is one. By Proposition 2.3, R i (π ∆ ) * L ∆ is locally free for every i. This implies that ϕ(o) = ϕ(t). That is a contradiction.
Proof of Corollary 1.2. The symbols X , H, L and π denote same objects in Corollary 1.2. It is enough to prove that the natural morphism
is surjective. Since L is free, the restriction morphism
is surjective. By Theorem 1.1, this implies that the above morphism (2) is surjective over X. Since surjectivity is an open condition, we are done.
